Understanding the intervertebral disc response to mechanical loads is important to prevent back injuries. The experimental and the finite element methods are widely used for that purpose but methodological triangulation is deficient due to lack of a complementary method. This study aims at choosing theories and assumptions that could be used to develop an analytical model for stress analysis of intervertebral discs. Thin-shell and beam-onelastic-foundation theories are used in conjunction with an iterative method to account for large deformation of the disc. The model simulates an axial compression load acting on a simplified axisymmetric disc composed of a multi-shell linear and isotropic structure surrounding a pressurized cavity. The highly deformable lamellae are idealized by either circular or parabolic arches in the sagittal plane, and their effect on stress and strain response are compared. The circumferential and longitudinal stresses are compared to those of a simplified finite element model. The comparison shows that the analytical approach is promising and allows to identify improvements for future studies. The use of a parabolic profile is advantageous and allows to account for the interactive support of the lamellae near the endplates. The method should be adapted to improve bulge deformation obtained across the thickness of anulus fibrosus, and the model should include material anisotropy and hyperelasticity.
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Superscripts [d] Discontinuity solution [LV E]
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Introduction
Intervertebral discs (IVD) are articulations that allow mobility of the spine and absorb energy transmitted to the spine. Healthy IVDs are composed of a highly hydrated nucleus pulposus (NP) and an anulus fibrosus (AF), itself composed of 15 to 25 concentric lamellae (Marchand and Ahmed, 1990) . The lamellae are thin composite structures of approximately 0.2 mm made of unidirectional collagen fibers embedded in a collagen matrix. The lamellae are anchored into the vertebral endplates by collagen and elastic fibers called Sharpey's fibers (Johnson et al., 1982) , which insert into the cartilage endplates. The loads transmitted through the spine cause an increase of the intradiscal pressure, and this pressure transfers load on the AF, the lamellae of which act essentially in tension (Noailly et al., 2011) , like in a composite pressure vessel. In typical work activities, important loads may result in compression, flexion, torsion, or a combination of them. Pure compression is often used to develop biomechanical models, because of its simplicity, but flexion and torsion combined with compression are of major practical interest for the study of disc injuries.
In spite of increased occupational health and safety awareness and improved ergonomic solutions, back injuries, and especially disc herniation, are persisting problems in the workplace. The experimental and finite element (FE) methods Demers, Nadeau and Bouzid, Journal of Biomechanical Science and Engineering, Vol.12, No.3 (2017) [DOI: 10.1299/jbse. are extensively used to study tissue properties and to understand the mechanical response of the IVD subjected to various loads. The FE method is a very attractive tool for studying various scenarios of finely detailed discs and to obtain results that can't be measured experimentally in the IVD, such as stress and strain components. Due to the complexity of IVD structure, material properties and loadings, the analytical method has been practically abandoned. It is generally advised to compare model results obtained using three different approaches, but biomechanical models are left with only two approaches, refraining methodological triangulation. Nevertheless, inter-individual and intra-individual variations, technical concerns with in-vivo instrumentation, ethical considerations with living subjects and cadaveric specimens, delicate specimen preparation and preservation, complex material behavior and complex structural interactions are just to name a few of the challenges that complicate model validation. In view of these difficulties, triangulation should be employed whenever possible to verify the logical and biological plausibility of biomechanical model results. A sophisticated, yet convenient, analytical model would be useful to complement and support the results of experimental and finite element models of IVDs.
Among the few published analytical studies, there are those based on the theory of thick-walled cylinders (Hickey and Hukins, 1980 , Hukins, 1992 , PrudHomme, 2008 , the thin-shell theory (Demers et al., 2013, McNally and Arridge, 1995) , the theory of laminated plates (Iatridis and ap Gwynn, 2004) and force equilibrium in a series of fiber sheets (Ngwa and Agyingi, 2011) . Analytical modeling may appear restrictive to simulate biomechanical tissues, but is yet promising for modeling IVDs, particularly using thin-shell theory. Including the lamellae curvature in the sagittal plane requires the consideration of disc bulge. Thin-shell theory has the advantage of simulating geometries with sagittal curvatures in a simple manner. Large deformation inherent to soft tissues and the multi-lamellae anulus fibrosus have been modeled analytically (Demers et al., 2013) , but the lamellae anchorage to the endplates were ignored. It is expected that the interactions of adjacent lamellae near the endplates greatly affect the sagittal lamellae curvatures during axial loading. Lamellae deformation has been described to account for the supportive effect of surrounding lamellae near the endplates (Rodrigues et al., 2012) . This effect appears to be similar to that caused by edge loads acting at the end closure of a pressure vessel. In pressure vessels, edge loads are generally treated using beam-on-elastic-foundation theory (Zingoni, 2001) .
In this study, beam-on-elastic-foundation theory is used to simulate the lamellae anchorage to the endplates by applying edge loads on each lamella. Two geometrical functions are used to describe the sagittal curvature of the lamellae, and their resulting stresses and displacements are compared to that of a FE model of a simplified IVD. The first geometrical function defines the lamellae as circular arches while the second defines them using parabolic curves. The curvature of these profiles varies smoothly and the lamellae are thin, and therefore the lamellae can be treated using thin-shell theory (Zingoni, 1995) . It is expected that the parabolic function will be more responsive to the edge loads because its curvature is less pronounced at the endplates than at the mid-transverse plane and should offer a better representation of the true deformed shape of the inner AF (Demers et al., 2012) .
Methods
The analytical model is developed using Matlab R2012b and consists of two combined analyses: a membrane analysis, which considers only surface loads, and a discontinuity analysis, which accounts for the edge loads caused by Sharpey's fibers and lamellae interactions near the endplates. Figure 1 (a) shows a lamella with typical parameters of a thin shell of revolution, and an infinitesimal shell element with the membrane forces acting on it. The stress analysis is conducted in the r-θ-ϕ coordinate system, where r is radial, θ is circumferential and ϕ is longitudinal. N θ and N ϕ are the circumferential and longitudinal membrane forces, respectively, and are expressed in N/mm. The circumferential radius r θ requires the determination of the radial position R of the center of curvature referred to as the longitudinal radius r ϕ , the horizontal radius r h from the axis of revolution z to the element, and the angular position ϕ, defined as the angle between the axis z and the normal vector of the shell element. To analyze the AF across its height and thickness, a discretization is made and the shell elements are identified with subscripts i and j. Subscript i defines the position along the z axis, starting at the upper vertebral endplate (UVE) and ending at the lower vertebral endplate (LVE). Due to symmetry with the mid-transverse plane, only the upper half of the disc is analyzed. It is divided into 14 equal segments. Therefore, the solution is evaluated at 15 equilibrium planes. This gives a satisfactory representation of results distribution along the height of the disc, although the results are independent of the number of equilibrium planes. Subscript j identifies the lamellae, starting with the innermost lamella and ending with the outermost lamella.
The analytical method is executed in loops to consider large deformations using small load increments and an adap-Demers, Nadeau and Bouzid, Journal of Biomechanical Science and Engineering, Vol.12, No.3 (2017) [DOI: 10.1299/jbse.16-00675] tive geometry, as illustrated in Fig. 2 . Each loop uses a load increment that is sufficiently small to meet the criterion for 1% stress difference limit with the previously tested load increment. This criterion is applied to the circumferential stress at the mid-transverse plane. The number of required iterations I for the final solution is obtained by dividing the total intradiscal pressure by the load increment. The first use of the load increment gives a partial solution. The geometry, defined with circular or parabolic functions, is updated based on the calculated displacements at the end of the load step. The load increment is then reapplied to the updated geometry. This process is repeated until the final solution is obtained. This accounts for large deformations by adapting the geometry as the intradiscal pressure increases.
In addition to large deformations, the model includes the multi-lamellae structure of the AF and the effects of Sharpey's fibers. To simplify the model, vertebral processes and surrounding muscles and ligaments are not considered. The AF material is considered linear and isotropic, having a Young's modulus E of 50.3 MPa, obtained by calculating a mean value from experimental data (Holzapfel et al, 2005 ). Poisson's ratio ν is assumed to be 0.45, based on the assumption that the AF matrix is nearly incompressible, given its hydrophilic nature. The endplates are assumed parallel, flat and perfectly rigid. The rigid endplate assumption should not affect the stresses by more than 4% (Little et al., 2007 ). An elliptical transverse cross-section has been suggested for the AF of lumbar discs (Eijkelkamp, 2002) . It is simplified in this study by an axisymmetric geometry. The anulus fibrosus is modeled with n = 24 concentric lamellae having a constant thickness of 0.2 mm, based on histological studies (Cassidy et al., 1989, Marchand and Ahmed, 1990) . At the endplates, the outside disc radius is 21 mm and the NP radius r NP is 16.2 mm (Demers et al., 2013) . Initial disc height H is 11 mm (O'Connell Demers, Nadeau and Bouzid, Journal of Biomechanical Science and Engineering, Vol.12, No.3 (2017) [DOI: 10.1299/jbse.16-00675] , 2010 , , Zhou et al., 2000 . The bulge at rest is not available in the literature. Therefore, a value of 0.5 mm is deemed reasonable. A hydrostatic pressure p NP of 1.94 MPa is applied on the inner surface of the AF, representing the response of a lumbar disc subjected to the application of an axial compression load of 2000 N (Adams et al., 1996) . The swelling pressure inside the AF is neglected for simplification.
Sagittal profiles
In the analytical model, the innermost lamella is defined using three points: the fixed location at the UVE, the displaced radial position at the mid-transverse plane and the fixed location at the LVE. The remaining lamellae are offset from the innermost lamella, and pass through their respective fixed Sharpey's fibers locations. The modeling of the parabolic profiles is detailed in appendix A. The ratios r θ /t and r ϕ /t are greater than 10 anywhere in the AF, which justifies the use of the thin-shell theory.
Membrane analysis
According to the free-body diagram of Fig. 1 (b), static equilibrium of the shell elements located at the plane i is described by:
where r s,i,1 is the horizontal radius reaching the inside surface of the innermost lamella at the equilibrium plane. In thinshell theory, the longitudinal stress is related to the circumferential stress and the contact pressures p s acting inside and outside each lamella, such that:
In Eq. 2, p s,i, j corresponds to the intradiscal pressure p NP when j = 1. When j = n, p s,i, j+1 corresponds to the pressure acting on the outside surface of the AF, that is p out , and is assumed to be very small. Stress profilometry allows to measure the pressure distribution in the NP and in the AF, using a pressure transducer, but the pressure was only measured in the vertical and circumferential directions (Adams et al., 1996 , McNally and Adams, 1992 , Skrzypiec et al., 2007 . A radial pressure distribution in the AF is thus suggested in this study based on the radial stress for thick cylinders (Lamé, 1866) :
where r s,θ,i, j is the profile's radius along θ at the inner surface of the lamella j, on plane i. r s,θ,i,in and r s,θ,i,out are evaluated inside and outside the AF, respectively. Acceptability of Eq. 3 to represent the pressure distribution across the AF thickness should be verified when experimental data is available. However, it will predictably differ from reality depending on creep. Equations 1, 2 and 3 lead to an indeterminate problem requiring additional equations, which are obtained by considering the compatibility of horizontal displacements of adjacent lamellae. On a given equilibrium plane, the horizontal Demers, Nadeau and Bouzid, Journal of Biomechanical Science and Engineering, Vol.12, No.3 (2017) [DOI: 10.1299/jbse.16-00675] displacements of any two adjacent lamellae are forced to be equal to ensure that the lamellae stay in contact during deformation. The radial compression of the lamellae is ignored. Using Hooke's law with this assumption gives:
Equations 1 to 4 allow to solve for the membrane forces and displacements due to pressure.
Edge effects
The discontinuity analysis uses the theory of beam on elastic foundation to simulate the edge effects using edge loads acting on each lamella at the LVE and the UVE. These edge loads include the annular forces F LV E, j and F UV E, j , and the annular moments M LV E, j and M UV E, j . They are applied to the lamellae's deformed shape obtained by pressure, as shown in Figs. 1 (c) and (d), to cancel the total displacements and to limit the rotations at the LVE and the UVE. They yield the longitudinal and circumferential discontinuity stresses N
θ,i, j , and the displacements δ caused by these discontinuity edge loads. The general equations and the detailed approach are presented in appendix B. The necessity to consider mutual interaction of the relatively close endplates is explained in appendix C. The membrane forces, displacements and rotations due to edge loads are given by:
Solving for M LV E, j , F LV E, j , M UV E, j and F UV E, j requires boundary conditions for displacements and rotations at the endplates. The final displacements δ [ f ] are evaluated using the following equations: Vol.12, No.3 (2017) [DOI: 10.1299/jbse. effect, the discontinuity solution and the final results, respectively. The normal displacement due to pressure is calculated using Hooke's law and projected onto the horizontal plane to obtain δ [m] :
Based on a descriptive model (Rodrigues et al, 2012) , the rotation of the inner lamellae at the endplates should be less than the rotation of the outer lamellae. However, the amount of rotation that is allowed by the supporting lamellae is unknown. If the connective tissues are neglected, it can be assumed that the outermost lamella can rotate freely about Sharpey's fibers. It is also assumed that the supporting action on the innermost lamella prevents any rotation about Sharpey's fibers. The rotations of intermediate lamellae are linearly interpolated between the rotation of the innermost lamella and that of the outermost lamella. Edge forces and edge moments are thus applied on the boundaries of the lamellae, and the edge moments vanish toward the outermost lamella. Neglecting edge moments and replacing
LV E with ϕ LV E − ϕ LV E = 0 allow to rewrite Eq. 7 to reflect the edge displacements at the LVE of the outermost lamella:
Similarly, the edge displacement of the outermost lamella at the UVE is given by:
Edge loads F LV E,n and F UV E,n are then obtained by substituting Eqs. 11, 12 and 13 into 9 and 10. The rotations of the outermost lamella at the LVE and UVE can be calculated using Eq. 8, and the rotations of intermediate lamellae are calculated using linear interpolation. The displacements and rotations at both endplates are introduced into Eqs. 7 and 8 to solve for F LV E, j , F UV E, j , M LV E, j and M UV E, j for each lamella. These edge loads can then be introduced into Eqs. 5 and 6 to calculate the discontinuity stresses throughout the AF.
Combined effects
Neglecting the bending stresses in thin shells, the final stresses in the r-θ-ϕ coordinate system are:
Finite element model
The FE model is prepared using the finite element software ANSYS 14.0 (2011). Although FE models in the literature are often based on reconstruction from medical images, the simplified geometry of the analytical model is used here for the sake of comparison. Therefore, the lamellae are circular arches in the initial state of the FE model. The lamellae are modeled using axisymmetric shell elements SHELL209 with flexural stiffness activated. It is thought that a certain amount of relative slip is present between the lamellae (Gregory et al., 2012) . Translamellar cross bridges may play a role Demers, Nadeau and Bouzid, Journal of Biomechanical Science and Engineering, Vol.12, No.3 (2017) [DOI: 10.1299/jbse. in sharing shear loads and preventing delamination (Gregory et al., 2012 , Schollum et al., 2009 , Smith and Elliott, 2011 , but no quantitative data is available yet in the literature. Contact elements CONTA172 and target elements TARGE169 are thus used to simulate the lamellae interactions with the appropriate options set to prevent layer separation and allow sliding without friction. The NP pressure is modeled as a surface load acting inside the innermost lamella. The degrees of freedom (DOF) of the nodes at the LVE are coupled vertically to simulate the rigid endplate. They are also restrained horizontally to simulate the lamellae anchored into the endplates. The same conditions are applied to the nodes at the UVE. The nodes at the mid-transverse plane are restrained vertically to avoid singularity.
Results
The FE analysis converged with 80 elements per lamella. One thirteenth of the total intradiscal pressure is used as the load increment in the analytical model.
The pressure distribution given by Eq. 3 is nearly constant with respect to axis z, as shown in Fig. 3 (a) , and varies slightly nonlinearly with respect to the lamellae positions. It is similar to the one obtained with the FE model, except near the endplates, as shown in Fig. 3 (b) , where the contact pressure increases due to the supportive effect of adjacent lamellae.
Figures 4 (a) through (f) show the longitudinal and circumferential stress distributions in the AF obtained with the three models. It can be seen that the circumferential stress is predominant over the longitudinal stress near the midtransverse plane. All models indicate that the longitudinal stress is greater at the innermost lamella, with a value of approximately 1.2 MPa. It decreases when moving away from the mid-transverse plane then increases near the endplates. The FE model predicts increasing longitudinal stress on the outer portion of the AF, as shown in Fig. 4 (e) , which is not depicted by the analytical models.
In general, according to Fig. 4 (b) , (d) and (f), the circumferential stress is maximum at the mid-transverse plane and decreases towards the endplates to a very small value. At the innermost lamella, the parabolic function overestimates the circumferential stress at the mid-transverse plane by 25% compared to the FE results, while the circular profile overestimates it by 67%. In Fig. 4 (b) , the stress vanishes at a rapid rate near the endplates, even in the inner lamellae where the edge moment is at its maximum value. When using parabolic profiles, the stresses in the inner lamellae are substantially attenuated near the endplates, as shown in Fig. 4 (d) . A similar stress attenuation near the endplates is observed in Fig. 4 (f) for the FE model. In spite of these similarities, the model using parabolic profiles predicts higher circumferential stresses towards the outside of the AF, at the mid-transverse plane, as shown in Fig. 4 (d) . This is not depicted by the FE model or the analytical model when using circular profiles.
The deformed shape of the AF is presented in Fig. 5 . The presence of two symmetrically arranged inflexion points, easily observable on the deformed shape of the innermost lamella in particular, is a consequence of the edge moments applied to the analytical model, and agrees with the deformed shape of the FE model. The inflexion point is the location where the Gaussian curvature near the mid-transverse plane changes sign (Calladine, 1986) . Although using parabolic profiles improves the results for the inner AF, the bulge on the outermost lamella differs by 156%. This discrepancy is the cause of overestimated stresses in the outer lamellae, as noted in Fig. 4 (d) , and is discussed in section 4. It is to be noted that the 1 st and 24 th lamellae at rest, or at the initial state, shown using circular and cross markers respectively, are identical for the analytical and the FE models, and are obtained using circular arches. The parabolic profiles are slightly different in their initial state and are not shown in Fig. 5 for clarity. Figure 6 dissociates the edge effects from the geometry effects in the calculation of the total rotations at the endplates, Demers, Nadeau and Bouzid, Journal of Biomechanical Science and Engineering, Vol.12, No.3 (2017) [DOI: 10.1299/jbse.16-00675] noting that geometry effects are artifacts of the simplified mathematical expressions used to represent the updated geometry at the beginning of each iteration. In fact, neither of circular nor parabolic functions admit a constraint on the slope at the endplates. The imposed rotations are represented in Fig. 6 by the curves referred to by edge effects, and are used in the determination of the edge loads. The total rotations include the imposed rotations but also the rotations inherent to the geometrical function used. The rotations due to the geometry effects at the innermost lamella are reduced by 34% when using a parabolic profile rather than a circular profile. The FE model predicts a constant rate of increase of the rotation up to the 19 th lamella, after which the rate of increase is exponential. The behavior of the five most external lamellae may be due to the absence of external tissues. It is important to note that external lamellae attach to the vertebrae at an angle of 90
• (Nosikova et al., 2012) , so the modeling of these lamellae should be given particular considerations.
Discussion
Stress profilometry indicated that fluid behavior of the NP extended beyond the NP-AF interface (Adams et al., 1996) . If one assumes that the radial pressure inside the AF is equal to the vertical and circumferential pressures, which has not been demonstrated yet in the literature, the contact pressures predicted by this study should be corrected so that the pressure starts to drop somewhere passed the NP-AF interface, to account for swelling pressure in the AF. The Demers, Nadeau and Bouzid, Journal of Biomechanical Science and Engineering, Vol.12, No.3 (2017) [DOI: 10.1299/jbse.16-00675] Lamella 1 (at rest) Lamella 24 (at rest) Analytical, circular profile, lamella 1 Analytical, circular profile, lamella 24 Analytical, parabolic profile, lamella 1 Analytical, parabolic profile, lamella 24 FEM, lamella 1 FEM, lamellae 2 to 23 FEM, lamella 24
Fig. 5 Initial and deformed shape of the disc estimated radial pressure distribution is based on Lamé equation for thick-walled pressure vessels, which was shown in Fig. 3 to be consistent with the load transferred by the contact elements of the FE model, except near the endplates. The contact pressure increases in these regions, possibly because of the concentrated efforts necessary to conform the lamellae geometry. The localized rise of contact pressure was not included in the analytical model and its implication on the stress and strain behavior should be investigated in future works.
The similarities between the results of the analytical and FE models indicate that thin-shell and beam-on-elasticfoundation theories can adequately describe the anchoring of the lamellae of the AF into the endplates through Sharpey's fibers. The method provides a mean to model the supportive effect of the adjacent lamellae with the use of edge forces and moments at the endplates. The deformed shape of the innermost lamella, using a parabolic profile, is in good agreement with that of the FE model, despite the geometry artifact discussed previously. This is explained by the fact that geometry effects are compensated by the hypothesis of totally restrained rotation at the innermost lamella, which underestimates the rotations in comparison to the FE model. As revealed in Fig. 6 , the rotation of the innermost lamella, as predicted by the FE model, is approximately 12
• , while the analytical model assumed a totally constrained rotational degree of freedom at the innermost lamella, which seems too restrictive. To the authors' knowledge, the model suggested by Rodrigues et al. (2012) was the only attempt, prior to this study, to explain the lamellae behavior at the endplates, and no data is currently available to quantify the rotations at the boundaries. As evidenced by this stress analysis, the lamellae end conditions have an important effect on stress and strain behavior of the AF. Although it is simple to model using shell and contact elements in FE models, the analytical simulation requires a thorough understanding of this behavior. Figure 5 gives a visual appreciation of disc bulge. At the innermost lamella, the bulge is 2.67 mm when using circular profiles and 1.93 mm when using parabolic profiles. At the outermost lamelle, bulge is 2.72 mm when using circular profiles and 3.17 mm when using parabolic profiles. In comparison, bulge predicted by the FE model is 1.48 mm at the innermost lamella and 1.24 mm at the outermost lamella. The difference between internal and external bulge in the FE model is due to the radial compression of the lamellae, which is not considered in the analytical model. The displacement of the outermost lamella is 64% greater than that of the innermost lamella, when using the parabolic profiles. It is hypothesized that the slenderness ratio λ has a great influence on bulge discrepancy, as it is generally applied to long Demers, Nadeau and Bouzid, Journal of Biomechanical Science and Engineering, Vol.12, No.3 (2017) shallow vessels made of a stiff material. The method could be adapted to let λ be a variable that ensures compatibility of the final displacements, thus avoiding the outer lamellae to unrealistically displace more than the inner lamellae. It could also serve as a variable to match the experimental bulge at the mid-transverse plane. Such technique would be phenomenological, like the constitutive materials that are calibrated in FE models until they behave as expected. The main disadvantage of doing this is that bulge could not be used as a validation criterion, but rather as a calibration parameter. Bulge measured experimentally has been found to be, on average, 0.41 mm for the inner AF and 0.48 mm for the outer AF under a load of 1000 N in compression (O'Connell et al., 2010) . If we were to apply twice that load and assuming a linear bulge increase, the bulge predicted by the FE model would still be overestimated by up to 50%, and the discrepancies with the analytical model would be even higher. Adjusting λ, as explained previously, could match the analytical results with FE ones. The difference that remains with literature results could be explained by anthropometric differences, and by some simplifications of the models. In fact, the disc cross-sectional area is 33% smaller than the mean experimental value (O'Connell et al., 2010) . The swelling pressure in the AF was ignored, which results in underestimating the load bearing capacity of the disc. Bulge should decrease if swelling was included. Also, the material was considered linear, isotropic, and heterogeneous throughout the AF. Its effect on the results should be investigated by including more realistic properties in the models.
To comply with the end conditions and to model r ϕ appropriately, the geometrical function defining the lamellae must account for a rotational degree of freedom at their ends and must be able to include inflexion points as is indicated in Fig. 5 at the inner AF of the FE results. A fourth order polynomial could account for the rotational constraints at the endplates, and could include positive and negative Gaussian curvatures. However, the inflexion points of such profile imply abrupt changes of curvature, which violates the membrane hypothesis (Zingoni, 1995) and requires local discontinuities to be considered.
Conclusion
This study presented an analytical model of a simplified intervertebral disc, based on thin-shell theory, and compared the displacement and stress results with that of a simplified finite element model. The model is axisymmetric and includes the multi-lamellae structure of the anulus fibrosus. The lamellae anchorage into the endplates, and the supportive effects of the surrounding lamellae, were simulated using edge loads. These edge loads were considered using the theory of beam on elastic foundation adapted to shells of revolution. The effect of using two different mathematical functions to describe the sagittal lamellae profiles were compared: a circular curve and a parabolic curve. The parabolic profiles are more responsive to the applied boundary conditions and demonstrated the ability of the analytical method to simulate the edge loads. However, the discontinuity solution largely overestimated the stresses and displacements at the outer lamellae and should be adapted to ensure the compatibility of displacements.
The analytical model used simplifications that were necessary to verify the suitability of the theories to model an IVD, and allowed to understand their behavior depending on which of two curvatures were used to define the lamellae. A potentially interesting improvement of the analytical model would be to define the sagittal lamellae profiles using a fourth-order polynomial to include negative Gaussian curvature observed in the inner lamellae of the finite element results. Applicability of thin-shell theory to negative Gaussian curvature must first be studied thoroughly. Important improvements are required for the analytical model to gain practical interest, such as including a realistic cross-sectional geometry, hyperelastic and anisotropic material properties, heterogeneous material properties through the AF thickness, and complex loadings such as flexion and torsion.
Understanding model behavior under simplified conditions is a preliminary requirement. Major improvements can be foreseen using the principles of composite material mechanics to include anisotropy, and using the iterative method, used for large deformation, to adapt material properties as a function of strain. Considering these possibilities, this approach may offer a way to allow methodological triangulation for studying intervertebral disc mechanics.
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where x is the horizontal distance and z is the position along the axial axis. This polynomial depicts a barrel shape having a curvature variation along ϕ. For the innermost lamella, the initial boundary conditions are defined by the radius r NP of the NP and the bulge b:
Solving A.1 with A.2 gives the initial constants a 0 = 16.8, a 1 = 0 and a 2 = −0.0165. The longitudinal radii of curvature r ϕ can be obtained using the relation:
Defining a unit vector in the direction θ, and applying the cross product with the first derivative of A.1 with respect to z, yields a series of vectors normal to the lamella. The coordinates of each point, evaluated with A.1, and their corresponding normal vectors and radii of curvature A.3, are then used to calculate the coordinates of the center of curvature R. The normal vectors are also used to obtain the angular positions ϕ with respect to z. It is then possible to obtain the horizontal radius r h :
and the circumferential radius r θ :
The profiles of the remaining lamellae are obtained in a similar way, using boundary conditions matching the anchoring locations into the endplates and the offset distance from the innermost lamella, at the transverse plane, based on the thickness of the lamellae.
B. Equations of the discontinuity solution
The theory of beam on elastic foundation gives equations for membrane forces N i, j (Timoshenko, 1959 , Zingoni, 2001 at any point of the lamellae. According to Fig. 1 (c) , Ψ is opposed to increasing ϕ for discontinuity effects caused by loads applied at the LVE, and the following equations apply, noting that moments and rotations are positive counterclockwise:
ϕ,i, j = − cot ϕ LV E, j − Ψ = ϕ LV E, j − ϕ i, j . C and β are constants of integration and ν is the Poisson's ratio of the lamellae. Averaging λ for each lamella is deemed acceptable (Timoshenko, 1959 , Zingoni, 2001 .
Applying an edge moment M LV E, j on the LVE gives the following boundary conditions:
ϕ,LV E, j = 0 (B.12)
ϕ,LV E, j = M LV E, j (B.13) and yields the constants:
Applying an edge force F LV E, j on the LVE gives the boundary conditions:
ϕ,LV E, j = −F LV E, j cos ϕ LV E, j (B.16)
ϕ,LV E, j = 0 (B.17)
and yields: The set of equations for the discontinuity analysis is obtained by substituting these constants in equations B.6 to B.11, while considering the added effect of both endplates for the reason explained in appendix C.
C. Distance at which the edge effects become negligible
In thin cylindrical and spherical shells, the edge effects vanish at a distance l = π/ξ (C.24) where ξ = 4 3(1 − ν 2 ) √ rt j (C.25)
Taking r θ in place of r in the barrel-shaped geometry, the maximum radius is 21.3 mm, at the transverse plane on the outermost lamella. ξ is thus 0.6 mm and l = 5.2 mm, which is close to the initial distance of 5.5 mm between the endplates and the transverse plane. This distance may decrease below l after axial compression of the disc. It is thus recommended to add the edge effects of the opposite endplate in the calculation of stresses and displacements.
